Abstract-Although criticized by many, Handel's quantum model for 1/f noise remains the only model giving a quantitative estimation of the level of intrinsic 1/f noise in quartz crystal resonators that is compatible with the best experimental results. In this paper, we reconsider the volume dependence in this model. We first argue that an acoustic volume, representing the volume in which the vibration energy is trapped, should be used instead of the geometrical volume between the electrodes. Then, we show that because there is an implicit dependence of the quality factor of the resonator with its thickness, the net effect of Handel's formula is not an increase of noise proportionally to the thickness of the resonator, as could be naïvely expected, but a net decrease when thickness increases. Finally, we show that a plot of Q 4 S y versus the acoustic volume, instead of the usual S y plot, could be useful to compare the quality of acoustic resonators having very different resonance frequencies.
I. Introduction T hus far, ultra-stable oscillators (Uso) using quartz crystal resonators remain the best solution to have the highest short-term stability in volumes of a few cubic centimeters, which is very important for local time references in space applications (for example) because size and weight are important parameters. With low-noise electronics at the state of the art, the fundamental limitation for this short-term stability is flicker frequency noise in the resonator (hereafter simply called 1/f noise). Until recently, the best short-term stability for a quartz crystal resonator was measured in 1994 by norton, for a 5-mHz, sc-cut resonator, mounted in an electrodeless structure (bVa) [1] . The corresponding result in terms of allan standard deviation was 3.74 • 10 −14 at τ = 10 s.
Furthermore, two 10 mHz bVa, sc-cut quartz crystal oscillators were measured in 1999, by besson, to have a 5 • 10 −14 at τ ≈ 10 s allan standard deviation [2] . This seemed to be the ultimate limit that one could obtain for a quartz-based oscillator in the short-term stability domain because no more tangible solution had been found to improve the phase noise of the resonator itself. recently, better experimental results [3] [4] [5] have reintroduced hopes that quartz crystal oscillators may still have a progression margin in the short-term stability domain and refueled the discussion about what is the main factor limiting the stability between the phase flicker noise in the electronics and the intrinsic noise of the quartz crystal.
one problem is that, even after more than thirty years of research, the detailed physical origin of this intrinsic resonator 1/f noise is still poorly understood. Hence, no entirely satisfactory quantitative predictive model can be given to optimize the industrial processes or simply understand the spread of characteristics in a single fabrication batch. Two models have indeed attempted to give quantitative predictions of the level of 1/f noise in quartz resonators: the 1/f quantum noise theory of Handel [6] and the degenerated thermal boson theory of planat [7] , but the prediction of planat was orders of magnitude above the best measurements, maybe because of the use of the traditional phononic density of states despite the fact that all the harmonics of the fundamental modes had already been taken into account in the calculation of the partition function per mode [8] .
In 1975, Handel proposed a model to explain the 1/f part of the frequency noise in some electronic systems, using the discrete, random, and instantaneous character of soft photon emission by a positively or negatively accelerated charge (bremsstrahlung) [9] [10] [11] [12] . In that model, the 1/f noise would be due to the quantum beat in the interferences between the elastic and inelastic scattered waves which emerge when a beam of particles scatters under the influence of a localized perturbation. This perturbation would cause losses of energy quanta of the incident beam, one at a time, each loss being independent from the others. This mechanism has been named quantum 1/f noise. actually, it predicts 1/f noise in any system whenever the interaction rate of the system corresponding to the signal, with its environment, exhibits an infrared divergence resulting from the generation of low-frequency excitations in quantities increasing when f decreases. It has been applied to several physically different systems by Handel (see, e.g., [6] , [13] [14] [15] [16] [17] [18] [19] ), among which are quartz crystal resonators. In the case of baW quartz resonators at their turn-over temperature (~350K), the fluctuations are mostly caused by the three-phonons process corresponding to the interaction of a phonon from the main resonator mode with a thermal phonon. The result is another thermal phonon with a slightly different frequency and the loss of a phonon in the main resonator mode. connecting this discrete variation of the number of phonons in some average thermal mode to a discrete variation of the quartz polariza- tion, Handel obtained the following formula for the power spectral density of relative frequency fluctuations [14] :
where Q is the intrinsic quality factor of the resonator, V is the volume of the resonant part inside the resonator in cubic centimeters, and β is a proportionality factor dependent on the physical parameters of the material, numerically estimated to be of the order of 1 cm −3 in quartz resonators. We note first that this is supposed to represent the fundamental lower limit of noise spectral density at low frequencies in the resonator, and therefore in the oscillator. second, we recall that van der Ziel was able to recover the same formula [20] , except for the detailed expression of β, using semiclassical arguments. However, we should also note that a careful analysis of this detailed analytical expression of β and the way it is demonstrated by Handel calls for more precise definitions of some of the quantities occurring in this expression, so as to have an explicit way to numerically evaluate them more precisely [8] .
In (1), the volume V has been traditionally approximated by the volume between the electrodes [14] , but when using that approximation, the latest experimental results [5] seem to be below the prediction (considering β = 1 cm −3 ). In this paper, we show that a better estimation of the theoretical limit may be extracted from Handel's model, using the acoustic volume of the resonator, defined by the trapping of energy, instead of the volume between the electrodes. additionally, the presence of the volume V in the numerator of (1), instead of in the denominator as naïvely expected from experimental facts, will be discussed.
II. acoustic Volume Estimation
The acoustic volume estimation is carried out using Tiersten's model as, e.g., in [21] .
because of the plano-convex shape of a resonator ( Fig.  1) , the thickness 2h of the resonator at some off-axis point with coordinates (x 1 , x 2 , x 3 ), is given by
where h 0 is the maximum height of the resonator (on the x 2 axis) and R is the curvature radius of the convex face. Furthermore, for stationary shear waves propagating in the x 2 direction, the amplitude of the mechanical displacement modes in the resonator can be approximated by [21] : 
where n = 1, 3, 5, … is the overtone (oT) number; m, p = 0, 2, 4, …, label the different mode shapes in the plane of the resonator; H m and H p are Hermite polynomials; M n ′ and P n ′ are the dispersion constants; and ĉ is the effective elastic constant associated with the propagation of this kind of mode.
For the third overtone (oT 3), we consequently have
with α π β π 
The elastic energy in the resonator is approximately given by
We then define the acoustic volume as the volume that would contain the same elastic energy, for a hypothetical wave that would have constant amplitude in the (x 1 , x 3 ) plane, for a resonator with two plane electrodes (1/R = 0) of equivalent surface S eq separated by a distance 2h 0 . For this hypothetical resonator, the trapped elastic energy would be Thus,
However, thanks to the Gaussian functions, as long as the electrodes' diameter D > min( , ), 4 3 3 / α β their real outer shape is not important and the diameter can even be taken to be infinite. Using the fact that
= π α / , we then find that
III. application of the models to Experimental measurements as seen in [5] , the best measured resonators are the 5-mHz bVa sc-cut, third-oT c-mode, manufactured by the oscilloquartz s.a. company (swatch Group), based in neuchatel, switzerland. because the cut is defined by a double rotation (φ = 22°45′, θ = 34°) for sc-cut quartz resonators, the relevant effective parameters are ĉ ≈ 34.6 Gpa, M 3 ′ ≈ 57 Gpa and P 3 ′ ≈ 67 Gpa [22] . In [23] , a succinct geometrical description of the resonator is given which allows us to estimate the diameter of the resonant part of the resonator (around 20 mm) and the electrodes diameter D (about 11 mm). Using (7) and the motional capacitance of the prototype resonator measured in [3] , we can estimate the thickness 2h 0 ≈ 1.097 mm and the radius of curvature of the electrodes R ≈ 146 mm (cf. appendix). This leads to 1 3 / α ≈ 1.38 mm and 1 3 / β ≈ 1.43 mm. Using (11), we can now compute V ac = 6.81 • 10 −9 m 3 , whereas a direct numerical integration of (10) in polar coordinates gives V ac = 6.80 • 10 −9 m 3 .
one can then verify that the applicability condition D > min( , ) 4 3 3 / α β stated in the previous section is indeed numerically verified in this case. as argued in the previous paragraph, in contoured resonators, the energy trapping is quasi-independent of the electrodes' dimensions, provided they are big enough, although they influence the motional elements and the static capacitor of the butterworth-van dyke equivalent circuit. Indeed, for such a radius of curvature, the energy density at the edge of the volume between the electrodes is at least 2 • 10 6 smaller than the energy density at the same height on the axis.
In order to use Handel's formula (1), we still must compute the quality factor Q of this kind of resonator, which can be obtained using
In our case, η ≈ 3.95 • 10 −4 ns/m 2 [24] , which turns into an estimation of the maximum quality factor of about 2.79 • 10 6 . This value corresponds well with the one given in [3] (2.7 • 10 6 ). We now turn to the experimental quantities that we could compare with Handel's 1/f noise threshold. The short-term stability is usually given in the time domain by the allan variance [25] , which is the variance of the difference of the average fractional frequencies measured for two consecutive samples of time length τ. It can be computed in the frequency domain by using the power spectral density of frequency fluctuations [26] :
In the case of flicker frequency noise (which is the limiting resonator noise at low frequencies), the allan standard deviation corresponding to the power spectral density (psd) of relative frequency fluctuations S y ( f ) = S y (1 Hz)/f turns out to be independent of τ and constitutes the floor of the noise at low frequencies. It is given by the expression [26] σ y y S _flicker Hz = 2 2 1 ln( ) ( ).
Table I presents the comparison between measurements and the results of Handel's model, considering both definitions of volume in (1) (and β = 1 cm −3 ). one can see that the limit set by Handel's model with β = 1 cm −3 , is indeed below the experimental results if one uses the acoustic volume defined in this paper, whereas it is not if one uses the geometrical volume between electrodes.
IV. size dependence a point that can be a priori surprising with Handel's formula is the proportionality of S y (1 Hz) with the volume. on Fig. 2 , we plotted experimental values for S y (1 Hz) as a function of the volume V el between the electrodes, using results from various publications [1] , [2] , [27] , [28] , including those used by Handel to justify his model and recent Indeed, a plot of the Q 4 S y (1 Hz) product for the same experiments, as a function of V el (Fig. 3) , gives a very different trend: the volume dependence is now similar to that predicted by Handel in his model! This is because Q 4 also depends on the dimensions of the resonator (particularly its thickness 2h 0 ). This introduces a hidden dependence with the size of the resonator that we will study in more detail. However, several points seem to have a lower noise than the intrinsic limit supposedly set by Handel's model if one uses β = 1 cm −3 , as proposed in Handel's papers. at this point, one could either question this β = 1 cm −3 value, as we did in another paper [8] , or use the definition of the acoustic volume, describing the volume in which elastic energy is confined, instead of the geometric volume between the electrodes.
For plano-convex resonators, (10) was used instead of the volume between electrodes to draw Fig. 4 . However, higher frequency resonators have a plano-plano shape and we had to use another formula for the acoustic volume.
according to [21, section III], the trapped energy mode shape can then be approximated by products of simple trigonometric functions in such resonators, the trapped energy W 1 is computed from
with l the half-width of a square electrode. at this point, following stevens and Tiersten [21] , we consider that circular electrodes can be approximated by square electrodes with a width equal to the radius of the real electrodes. Thus, using (9), we find:
In the plano-plano case, the acoustic volume V ac is simply proportional to the thickness of the resonator and to the area of the electrodes, and equals one-fourth of the volume between the electrodes. data from [27] and [28] , necessary to compute V ac for these high-frequency plano-plano resonators, are recalled in Table II . We note that we only kept the best measurements from [27] to draw Fig. 4 . looking at Fig. 4 , one can see that the line corresponding to Handel's model is now lower than all of the experimental points. Furthermore, the proportionality of Q 4 S y with V ac for the best resonators now seems reasonable. Finally, this kind of Q 4 S y plot seems to be useful to compare the performance of resonators with various resonant frequencies.
because the comparison of the previous graphs clearly shows that one should not forget that the quality factor depends on the physical dimensions of the resonator, we study in more detail the thickness dependence of V/Q 4 . For that purpose, we recall that in the expression (12) of h , if V is the acoustic volume. In both cases, noise reduction should be enhanced by an increase of thickness. In high-purity crystals, this trend seems to be confirmed by the fact that 5-mHz resonators (2h ~1 mm) have so far shown short-term stabilities below that of 10-mHz resonators (2h ~ 0.5 mm).
V. conclusion
From the previous considerations, we showed how the intrinsic lower limit for 1/f noise limiting short-term stability, set by Handel's model, can be reconciled with the latest best experimental results, provided one uses the acoustic volume computed from Tiersten's model instead of the volume between the electrodes. We also showed how Handel's model can be qualitatively very useful to compare the quality of oscillators of various resonant frequencies, thanks to the Q 4 • S y plot. Furthermore, we showed how Handel's model is not in conflict with the fact that thicker resonators usually exhibit less noise, despite an apparent proportionality of the noise with the volume of the resonator in this model. where D is the diameter of the electrodes and ê 26 = −0.0576 c/m 2 is the effective piezoelectric constant. because, for the same specific kind of resonator that was used for the record measurement [5] , the motional capacitance was measured to be 0.195 fF in [3] , together with (7) of the main text, we have a set of two nonlinear equations in h 0 and R. To solve them numerically, we compute initial estimates of h 0 and R, first using the fact that the thickness at the center of the resonator 2h 0 is approximately given by 2h 0 ≈ 3λ/2. In the present case, because the acoustic velocity for the 5-mHz thickness-shear c-mode in a sc-cut quartz crystal is ĉ/ρ ≈ 3613 m/s (ρ = 2650 kg/ m 3 ), we find that 2h 0 ≈ 1.084 mm. Then, we use the fact that the electrodes' diameter is always chosen big enough so that the two Gaussian integrals in (a.1) can be approximated by π α /2 3 and π β /2 3 , respectively. Thus, With C mot ≈ 0.195 fF, we find R ≈ 148 mm. Then, by solving together (7) and (a.1) (with D = 11 mm, cf. main text), we refine our estimation to 2h 0 ≈ 1.097 mm and R ≈ 146.6 ± 0.2 mm (depending whether the integrations are performed for a square in cartesian coordinates or for a disk in polar coordinates). Finally, we note that if we know the static capacitance C 0 of the same resonator, we can estimate D by adding the formula [21] [27] and [28] Used to draw Fig. 4 . q Factor of resonators From [27] Have been Found more precisely in [29] .
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